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Based on the Hawking-Unruh thermalization theorem, we investigate the phenomenon of the 
dynamical chiral symmetry breaking and its restoration for a uniformly accelerated observer. We 
employ the Nambu— Jona-Lasinio model in Rindler coordinates, and calculate the effective potential 
and the gap equation. The critical coupling and the critical acceleration for symmetry restoration 
are obtained. 
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f^i ■ The Hawking-Unruh effect predicts that the accelerated observer sees a thermal excitation of particles of a system in 
Minkowski spacetime, with the Unruh temperature Tjj = a/2?: ( a is an acceleration constant ) [1]. This is called the 
C^l • thermalization theorem [2-10]. To study the effect of uniform acceleration, we employ Rindler coordinates which are 
i— H ' appropriate for the spacetime for a uniformly accelerated observer, ft should be noticed that the thermally excited 
particles are not the original Minkowski particles but the Rindler particles determined by the ground ( vacuum ) 
state of the system of Rindler coordinates, ft has been generally proved that, in Rindler coordinates, Euclidean 
two-point functions are periodic in the direction of time with period 27r, and these functions satisfy the Kubo-Martin- 
Schwinger condition [3-7,10]. Therefore, Green's functions in Rindler coordinates with period 2-7T may be interpreted 
as finite-temperature Green's functions. 
■ In this letter, we examine what will be observed by a uniformly accelerated observer who moves relative to a 
system in which the chiral symmetry was dynamically broken. The following situation is considered: After a fermion 
. system in Minkowski spacetime dynamically generated a chiral mass, an observer will be accelerated uniformly. The 
acceleration may give a thermal effect on the observation of the system. Of particular interest here is the question 
whether the thermalization effect of acceleration gives the restoration of broken symmetry or not. For the purpose to 
study the problem, we employ the Nambu— Jona-Lasinio model [11]. The field theory in Rindler coordinates can be 
described by the method of curved background field [12]. We obtain the Green's function in Rindler coordinates, and 
apply the method of effective potential given in Ref. (12) for our problem. 

The starting point of our investigation is the discussion of the formalism. We introduce the iV-fiavor Nambu— Jona- 
Lasinio model in Z?-dimensional spacetime: 

C{x) = ^(^(x)V^W + ^P(a;)V'^)) 2 + (^(x) l 75V'W) 2 ]. (1) 

Here, tj) is the Dirac field, and A is the coupling constant of chiral invariant four-body contact interaction. The 
gamma- matrices 7^, the metric g plJ and the vielbein are determined by the following relations [13]: 

{lii{x),^ v (x)} = 2g fiu (x), {7™, 7«} = 2r/ mft , r\rhh = diag(l, -1, -1, • ■ • ,-1), 

W P = *S> g^(x)=e'i l (x)e^(x), ^{x) = ejfch*. (2) 

Here, rh refers to the flat tangent space defined by the vielbein at spacetime point x. The definitions of covariant 
derivative V„ and spin connection A™ n are given as follows [13]: 

V = d ~-A™ fL o-~~ n~-=-h- -Y-l 

v v — u v 2 mn ' ran — aV Irai ini'i 

^jmn _ — e™ s np \C\ pti — Cp\ft — Cf+xp], C\ pfl = e'xldpefnp — 9^e mp ]. (3) 

The Rindler coordinates (77, £, x±) are related to the Minkowski coordinates (xq, x\, x±) by the following coordinate 
transformation: x — £sinh 7],X\ — £ cosh r\. Under the transformation, the Minkowski spacetime is devided into two 
space-like wedges: The right Rindler wedge, R + = {x\x x > |x°|}(0 < £ < +00, —00 < 77 < +00), and the left Rindler 
wedge, R- — {x\x x < — |a; |}(— 00 < £ < 0, — 00 < 77 < +00). r\ is the time variable in Rindler coordinates. £ = 
corresponds to the event horizon of the Rindler spacetime. These two wedges are causally disconnected with each 
other. Hereafter, we concentrate on examining our problem in the right wedge. The world line of the observer in 
Rindler coordinates is given as 

r](r) — ar, £(r) = a -1 , x±(t) = const., (4) 
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where, r is the proper time of an observer, and a is a constant of acceleration. The metric is chosen as g^ v = 
diag(£ 2 , — 1, — 1, • • • ,—1). The line clement of Rindler coordinates becomes 

ds 2 = g„ v {x)dx^dx v = fd v 2 - d£ 2 - dx\. (5) 

One obtains the gamma matrices in Rindler coordinates from the definition given in (2): 

7°(*)^7 6 , l\x)=l\ l 2 {x)=l\ ■", l D -\x)= 1 D '-\ (6) 

Here, the 7™, (m = 0, 1, 2, • • • , D — 1) are the usual Dirac gamma-matrices of Minkowski spacetime. After computing 
the spin connection by the definition given in (3), one finds the components of the covariant derivatives in Rindler 
coordinates: 

Vo = a t) + i 76 7 i , Vi=% V 2 =9 2 , Vd_i=&_i. (7) 

Next, we introduce the following auxiliary fields: 

a(x) = -^tp(x)tp(x), n(x) = -^(x)i-/ 5 ip(x). (8) 
Then we obtain the partition function in our problem: 

Z = J VipVipVaVir expjiiV J dPxs[=g[- ° ^ + ip(i^(x)V v - a - nsTr)^]} 

//■ 2 1 2 

VaVnexp{iN / d D x^/^[-^—^-] - i lnDet(z7"(x)V„ - a - ry 5 7r)j. (9) 

Employing the large- iV expansion, the effective action integral in the leading order becomes 

/2 1 2 
d p aV=fl[- °" ^ ] - ilnDet^^V, -o- (10) 

Hereafter, we will omit the ir field because it is not needed for our purposes. Using the following relation 

lnDct^V,, -a) = tr J d D x \n{i-y v V v - a) 

= — tr J d D x^j—g J dsS(x,x;s), (11) 



one obtains the effective action in the right wedge: 



= J d D x^(-^-) + ttr J d D Xy/^J^ dsS{x,x;s). 



Here we have introduced the Green's functions S(x, y; s) and G(x, y; s) satisfing the following equations: 



The Fourier transform of the Green's function G is 

G(x,y;s) = G(»?i - 772, £1,62, &± ~ V±;s) 



/$/ 7|^ e " lfco(,?1 ^ 2)+lfci - (a; ^^ )G ( fc o,a,6,fc±; S )- 



(12) 



(i^V v -s)S(x,y;s) = -L=6 D (x,y), (13) 
{i 1 v V v + s)G{x,y;s) = S(x,y;s), (14) 
(- 7 YV^- S 2 )G( IlKS ) = -j=5 D (x,y). (15) 



(16) 



Next, we change our theory to the Euclidean formalism to incorporate with the thermal effect of acceleration [8,9,14]. 
The Euclidean Rindler spacetime has a singularity at £ = 0. To avoid it, we have to choose the period of the imaginary 
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time as 2ir [14,15]. The Euclidean formalism in Rindlcr coordinates with a definite period (3 — 2tt of imaginary time 
coincides with the finite-temperature Matsubara formalism. The Matsubara formalism is obtained by the following 
substitutions in our theory [16]: 

f dk s—^ 1 

n r 

iS(k ,£i,&,k±;s) -> S(u) n ,(, 1 ,£, 2 ,k±;s), iG(k ,£i,&,k±;s) -> -G(u) n ,€i,&,k_i_;s), 

(17) 

where, oj n is the fermion discrete frequency defined as cu n = (2n + l)ir/(3 (n = 0, ±1, ±2, • • • ). For the Green's 
functions, we use the abbreviations: 

S{S,S';8)=S{w n ,Z,?,k ± ;8), g(£,£'; S ) = gK,£,£',fc ±;s ). (18) 

Some manipulations derive the following differential equation for {?(£,£'; s): 

{(0€ + + ^) - (*± + * 2 + ^1) - 767i^}a(C,e'; S ) - ^K.O- (19) 

In Eq.(19), we divide the differential operator as follows: 



We introduce the projection operators in the gamma-matrix space defined by 

^+^(i + 767i), P- = ^(i-7 Q 7i), g = g+p+ + g-p-. (21) 

Here, P+ + P- = 1, = P+, P-P- = P-, and P+P- = P-P+ = arc satisfied. Thus, Eq. (19) can be written 

as follows: 

(Q + 7671 = ((Q + R)P + + (Q-R)P-)g(Z,e;s) = j6(Z,?). (22) 

Therefore, Eq.(22) is decoupled into the following two equations: 

(Q + R)Q+(Z,?;8) = ±5(Z,?), (Q-R)g-(t,t'^) = ^m,a (23) 

The eigenfunctions of the operators Q ± R are given as 

J (-2m- I)cosh7r0 „ , ^ T __ ^(+2^- l)cosh7rft / 

7T 2 7T 2 

(24) 

Here, a — \Jk\ + s 2 , and K^(x) is the modified Bcssel function. The orthonormal condition for ^ is [17,18] 

f f - jf f MQ^tl"^ K )K in , ±lM = 4(n , tf,. (», 

Expanding §± by the eigenfunctions Wq, and using the orthonormal relation, g± are obtained in the following form: 

jo (w„ ± - («S2± 

f 00 - 1) coshTT^ ^n± i K)^o±i KO 

Jo 71-2 - ± i)(iw„ + 0) ' 
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The position of the uniformly accelerated observer in Rindler coordinates is given by (4). To obtain the value of 
the effective potential at this position, we have to change the variables as r/ — > ar and £ — > a -1 . The definition of the 
effective potential is 

y -» = -jfe- < 27) 

Hence in our case 

Vjffia,*) = f x +tr^£ds J f^S{a-\a-\s). (28) 

Vjff (a, a) is a local, intensive quantity. The effective potential is normalized as Vjff (a, a = 0) = 0. The gap 
equation corresponds to the stationary condition: 

o . Tg.. <»> 

Therefore, the self-consistency condition is derived as 

- = - Atr E^ / Sfes(a-\a-V). (30) 

n 

From the following relation 



the gap equation is found to be 

jD-2 



^ 1 f d^k ± ~ _ x _ x 



— Aertr > — / — x n - / dS2 

r (-2ifi - l)cosh7rfT _ x 2 

x{^+- ^ (^n+i(a« )) 



(iw„ - O + i)(iw n + 0) 



n (2if2 - l)cosh7rf2 . _ 1 ,. 2 1 

+P-- ± (Kini(aa 1 )) 2 - 



(iuj n — fl — i)(iuj n + fl) ■ 



2i\a 



iD-2, 



(27T) 



D-2 



duj- 



^{(K^iaa- 1 )) 2 (K^iaa- 1 )) 2 }, (32) 



where, a = \Jk\ + a 2 . To obtain the final expression in Eq. (32), the frequency summation was performed, and the 
integration variable was changed as f2 — > uj/a. 

By using the result given above, we first examine the equation for the determination of critical acceleration for 
symmetry restoration. Hereafter, we restrict ourselves to the four-dimensional case D = 4. Setting a = in Eq. (32) 
of the case of nontrivial solution, one finds 

i A f°° f°° it c k k 

1 = W Mk l ^ S inh-.{(^ +| (-)) 2 -(^(-)) 2 }. (33) 

Integration in k is performed by making use of the following formula [17,18]: 



/ dxK m (ax)K n (ax)x l = 2 l - 2 a - l - 1 T(l + l)" 1 
Jo 



/l + m + n + l\^/l + m-n+l\^/l - m + n+ l\_/Z - to - n + 1\ .„„. 
( 2 ) r ( 2 ) r ( 2 ) r ( 2 J' (34) 



■5 



( Valid when $1(1 — m — n) > — 1. ) Then we obtain 

A f°° 7r A f 00 r 2uj i 

1 = — / cjdo> tanh — = — / do^ w >. (35) 

The integration in Eq. (35) yields the equation for the determination of critical acceleration a c : 

1= 2^-24^- (36) 

To obtain the above expression, we have simply used a cutoff A for the regularization. Because a c is positive, the 
critical Hawking-Unruh temperature becomes 



^-s-V^'-r (37) 

In order to compare with the usual thermal case, let us refer to the result in Minkowski spacetime [19]. The gap 
equation in finite-temperature case is 



A r ( /To o 2, A + VA 2 + cr 2 1 2A r 00 „ k 2 i 

1 = — 77 \ Av / A 2 + cr 2 -cr 2 In r - / dk — , , , . 38) 



Hence, at cr = 0, our equation (36) coincides with the case of usual finite-temperature gap equation in Minkowski 
spacetime. The critical Hawking-Unruh temperature depends on A and A in the same way as the case of the tem- 
perature of thermal restoration in Minkowski spacetime. When A and A become large, T^f 1 increases. In the above 
expression, ^A, — j > has to be satisfied. We assume this condition indicates the existence of a critical coupling A c . 
Thus we arrive at the familiar expression: 

2tt 2 

Ac = -jT- (39) 

Now, we give a rough estimation for a c . The Unruh temperature is given by Try = ha/(2nkBc) — a/(2.5 x 
10 22 (cm • s~ 2 ))K ( c is the velocity of light, and ks is the Boltzmann constant ). Here we consider the case of quark, 
assume a c ~Ax 10 _1 , and choose A = Aqcd ~ lGeV [19]. Because lGcV = 1.2 x 10 13 K, one has 

a c ~ 3 x 10 34 cm- s~ 2 . (40) 

This value belongs to an extremely high acceleration regime. The observer almost have to be accelerated to the order 
of this value to observe the chiral symmetry restoration of a quark. A massive Dirac particle will be observed as a 
massless particle above a c . 

Next, we examine the behaviour of our gap equation at a — > a c . The gap equation (32) is 



Aa 2 C A/a f°° r ~i 

1 = -z— | dxsinhnxj ydy[(K ix+ i(y)) 2 - (K ix _i(y)) 2 } 

cr 2 f A/a 
= -zA— j / dxsinh7rx 

^{{K ix _ h {^)f-{K ix+ ,C-)f (41) 
z a z a z a z a z a z a ■> 

When a — > a c , a/a — > may occur. This condition corresponds to the case when the argument z of the Besscl function 
K^(z) tends to zero. By using the forms of the Bessel functions at a/a — > 0, we find: 

A 2 f A/a , Aa f°° , sinhTrx (cr/2a) 2 " 

1 = —^a I xdx tanh 7rx — % — a \ dx t— - 

it 2 J 47r J_ 00 cosh 7rx T(ix + ±) 2 



AA 2 Aa 2 



2tt 2 24tt 2 tt ^ x 2ia' (n - 1) 

n=l 
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Here, ip(n) is the digamma function: ip(n) = X^j=i j — 7 ( 7 i s the Euler constant; 0.577... ). To obtain the 
final expression, we have performed an appropriate contour integration. Picking the largest contribution under the 
condition a <C 2a, we get 

AA 2 Aa 2 A 2 2a 
1 = tt^t - "r~ — r - 7—<t m e ' — . 43) 
2tt 2 24tt 2 2tt v a ' K ' 

The combination of this equation with Eq. (36) gives 

a 2 c -a 2 = 12™ 2 ln(e-T — ). (44) 

a 

Taking the derivative with respect to a, we have 

da ^ _ a _ a 

do" ~ _ 127T(7ln(e-T2o/<7) ~ V - a 2 < ' 1 j 

under the condition er <C 2a. The solution of this differential equation is 

a = e Cl ^Jal- a 2 . (46) 

Ci is an integration constant. In the vicinity of the phase transition, a depends on a in the way of Eq. (46). Because 
the gap equation is equivalent to dVjj^ /da = 0, we arrive at the following expression for the effective potential from 
Eq.(42): 

1 ;(a 2 c -a 2 )a 2 + J-a 4 + --- . (47) 



96tt 2V c ' 32tt 

To obtain the final expression, we have used Eqs.(36) and (44). This result is a kind of Ginzburg-Landau-type energy 
functional. The effective potential (47) clearly shows the phenomenon of broken symmetry by its wine bottle-like 
shape under the variation with respect to a ( in the phase mode ). Taking the derivative with respect to a in Eq. (47), 
we find that this potential gives the second-order phase transition. From Eq. (46), we find the critical exponent of 
the order parameter a is 1/2, and this coincides with the case of the Landau theory of second-order phase transition. 

In summary, we have obtained several important results: (1) The critical Hawking-Unruh temperature of the chiral 
mass for a uniformly accelerated observer is given as T^f 1 — a c /2ir = ^3A 2 /tt 2 — 6/A, which coincides with the case of 
the thermal restoration of the dynamical chiral symmetry breaking of the Nambu— Jona-Lasinio model in Minkowski 
spacetime. (2) Based on the thermalization theorem, we have found that the effect of the Unruh temperature will 
cause the restoration of the broken chiral symmetry. A point-like massive Dirac particle located at the position of the 
accelerated observer can give the chiral symmetry restoration. By the examination in the vicinity of the transition, 
we have found that the effective potential ( free energy density ) is written as a Ginzburg-Landau functional, and it 
gives a second order phase transition. 

Finally, we would like to make some comments on several issues and possible extensions of this work. The Rindlcr 
metric can be regarded as an approximation of the metric of a large mass Schwarzschild black hole near the outside of 
the event horizon [14]. Thus the physics in Rinlder wedge provides us with a simplified model to study the situation 
around a Schwarzschild black hole. Investigations of the phenomena of dynamical symmetry breaking in such a large 
mass black hole is also an interesting problem. It is also important for us to study the finite-density case, by using our 
model. In this work, we have only considered the case of scalar fermion-antifcrmion condensate without a chemical 
potential. We can extend our theory to consider the other cases of symmetries, such as vector, tensor and so forth. 
Moreover, a treatment of Majorana-type mass with the fermion-fermion condensate (tptp) is a ls° interesting. This issue 
might be related to the problem of neutrino Majorana mass. The meson-diquark bosonization of the Nambu— Jona- 
Lasinio model [20] in Rindlcr coordinates is possible. In such a case, to take into account the Pauli-Gurscy symmetry 
would give us a useful point of view [21]. If the Pauli-Giirsey symmetry is realized in the Lagrangian, there is a 
rotational symmetry between meson and diquark. We speculate that the phenomena we have found in this paper will 
also occur in a Majorana-type mass. 
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